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Abstract 
Mixing of bulk solids is an important unit operation in e.g. chemical, pharmaceutical and food industry. Simulating mixing 
processes with the Discrete-Element-Method (DEM) may help in both understanding and optimizing these processes. Since 
particle properties in a simulation within a realistic time-frame can currently not exactly resemble real material due to e.g. 
difficulties in representing the particle shape, the calibration of material properties for simulation of mixing processes is of 
utmost importance. A calibration of such parameters can compensate for differences between modeled and real particles. Without 
a proper calibration of the material parameters these simulations may not be representative for real mixing processes. Shear 
testers are generally well-suited for friction experiments such as static and rolling friction. In this work, a sensitivity analysis 
testing the influence of several material input parameters on the resulting tangential pre-shear stress is presented in the Schulze 
ring shear tester. The results show a dependence on the Young’s modulus, the static and the rolling friction coefficients. Based on 
these results, a calibration methodology is proposed. 
© 2014 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
Since granular mixing is an important unit operation in e.g. chemical, pharmaceutical and food industries, it 
attracts attention from industry as well as from academia. The design of mixing processes is nowadays done mainly 
empirical by laboratory experiments. Simulations with the Discrete-Element-Method (DEM) offer the opportunity to 
study the parameters influencing the mixing process. Additionally, those parameters may be studied which are 
difficult or impossible to obtain from experiments due to technical limitations. 
While simulating industrial mixing processes with the DEM, the calibration of material properties is of significant 
importance, since simulation results can only be as realistic as the underlying model provides. Ideally, for realistic 
results the physics and the particles should be exactly described. However, due to the complexity of particle systems, 
exact model descriptions are not always available or it is difficult to determine them exactly for existing models. 
Therefore, simple models are often used. Material properties for these models are then to be calibrated in such a way 
that their behavior corresponds to the real material behavior. Although the measurement of the material parameters 
required for DEM can be done experimentally, it has to be noted that the measured material parameters do not 
necessarily cause a representative material behavior in the simulation. Therefore, material parameters should be 
calibrated with small-size numerical experiments. 
In earlier works the key parameters necessary to be calibrated for the simulation of the bulk behavior in agitated 
mixers were identified [1]. Static friction coefficients for particle-particle and particle-wall interactions were 
observed amongst the most important parameters [1,2]. Generally, shear testers are ideally suited for the 
measurement of internal and wall friction angles of bulk materials. These experiments allow the calibration of 
properties of the particles in the simulation, needed for describing the macroscopic properties of the bulk. Ideally, 
one calibration experiment is only dependent on one calibration parameter. The work presents the simulation of a 
Schulze ring shear tester [3] for determining the internal friction angle. It is tested on which parameters the 
numerical experiment of this ring shear tester is dependent. 
 
Nomenclature 
dpart particle diameter 
Din shear cell inner diameter 
Dout shear cell outer diameter 
e coefficient of restitution  
E Young’s modulus 
t time 
 
μr rolling friction coefficient 
μs static friction coefficient 
ν Poisson ratio 
σ normal stress 
τ tangential shear stress 
 
Subscripts 
crit critical 
part particle 
wall wall, geometry 
p-p particle-particle interaction 
p-w particle-wall interaction 
w-w wall-wall interaction 
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2. Theoretical background & Methodology 
The Discrete Element Method (DEM), developed by Cundall and Strack [4] describes the motion of particles 
with Newton’s laws of motion by integration of these laws in consecutive time steps. After each time step new 
positions, velocities and resultant forces for the particles are calculated. Equations of motion in translational and 
rotational direction have been presented by a number of authors [5-9].  
In this work the Hertz-Mindlin contact model was used. This model describes the relationship between the 
contact area between the particles and the resulting forces in a non-linear way [10,11]. Equations for this model are 
shown in detail and are extensively explained in literature [5,6,12]. Therefore they are not reproduced here. The 
simulations with the DEM were conducted with the open source software package LIGGGHTS, version 2.3.8 [13]. 
The exact model used in this work may be found in the respective documentation and in Derakshani et al. [14,15].  
Static friction was modeled with Coulomb’s laws. To represent rolling friction an elastic-plastic spring-dashpot 
model was chosen as described by Iwashita and Oda [14, 16, 17]. This model was further simplified by neglecting 
the viscous damping part of the torque produced by rolling friction. 
Before the calibration of friction coefficients for the DEM simulation with material parameters from small size 
laboratory experiments is possible, a sensitivity analysis was carried out with a ring shear tester, shown in Figure 1. 
The inner diameter Din of the shear cell was 10 cm, the outer diameter Dout was 20 cm, and shear cell height was 4 
cm. The shear velocity in this experiment was 10 mm/min. The selected particle size dpart was 2.5 mm and is 
assumed to represent several experimental particles. The particles were assumed completely cohesionless. 
Since the particles are determined to be cohesionless, the testing procedure presented here consisted of a pre-
shearing event only. In the pre-shearing event a normal stress of 3 kPa was applied, after which pre-shearing started, 
while measuring the tangential shear stress (see Fig. 1.). The tangential shear stress was evaluated after a constant 
tangential shear stress level was reached. To ensure sufficient data points at this constant level each simulation was 
conducted 150s real-time. 
This procedure was carried out for a base case set of material input parameters, using 48216 particles. A 
sensitivity analysis was then conducted varying the input parameters within a range presented below. Both the base 
case input parameters and their variations are shown in Table 1. 
Table 1. Material input parameters for the base case and their variations in the sensitivity analysis. 
Material input parameter Symbol Base case Variation range Notes 
Young’s modulus, particle [Pa] Epart 25 · 106 10 · 106 – 25 · 109 Ewall/Epart = 8 
Poisson’s ratio particle [-] νpart 0.25 0.125 – 0.375 νwall = 0.3 
Coefficient of restitution, particle [-] epart 0.3 0.15 – 0.45  
Coefficient of restitution, wall [-] ewall 0.3 0.15 – 0.45  
Static friction coeff., particle-particle [-] μs, p-p 0.5 0.1 – 0.9 μs, w-w = 1 
Static friction coeff., particle-wall [-] μs, p-w 0.5 0.1 – 0.9  
Rolling friction coeff., particle-particle [-] μr, p-p 0.1 0.01 – 0.3 μr, w-w = 1 
Rolling friction coeff., particle-wall [-] μr, p-w 0.1 0.01 – 0.3  
Particle density [kg m-3] ρpart 3000 1500 – 4500  
Particle diameter [mm] dpart 2.5  Monodisperse 
Time step [s] Δt 20% of tcrit [18]  
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Fig. 1. The ring shear tester geometry in simulation (left) and the tangential shear stress vs. experiment time (right). 
3. Results and discussion 
Figure 1 (right) presents an example pre-shear event for the base case. It shows the tangential shear stress versus 
experimental real-time. After the material had been inserted, the shear tester lid was lowered to apply a normal stress. 
The cell was then rotated to induce shear forces. A constant tangential shear stress level was reached at steady state 
of flow, which was then used for evaluating the effects of the material input parameters. 
The effects of several input parameters are discussed in the next subsections. 
3.1. Reproducibility test 
Before the sensitivity analysis could be started, reproducibility tests were carried out to determine the influence 
of different initial packings in the shear cell. This preliminary study was conducted in a similar way as by 
Derekshani et al. [15]. As initial packings are created through random particle generation in LIGGGHTS, 
reproducibility was tested as follows: the simulation was first repeated three times with the same initial packing and 
then conducted again three times by creating different initial packings. The initial packings contained 48196 to 
48268 particles. 
Repeating the numerical experiment with the same initial packing led to exactly the same result for each 
numerical experiment with a mean value of 1630 Pa and a standard deviation of 53 Pa. This standard deviation was 
calculated from data points over time after the steady state of flow was reached. With different initial packings, a 
mean tangential shear stress of 1651 Pa was observed from simulations and a standard deviation of 30 Pa, or 1.8% 
of the mean value, was determined from these results. This standard deviation was determined from mean values for 
the three different packings and is further regarded as the accuracy of the simulation, as by varying parameters in the 
sensitivity study, presented below, slight differences in initial packings may occur as well. 
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Fig. 2. Influence of Young’s or E-modulus on tangential shear stress at steady state flow. 
 
3.2. Influence of the Young’s modulus 
The Young’s modulus (E) for the base case was set at 25 MPa. Low Young’s moduli decrease the simulation 
time significantly and are often used in literature [2, 6, 15, 17]. Starting from the base case, the Young’s modulus 
was varied over orders of magnitude towards Young’s moduli of solids. The ratio of the Young’s modulus of the 
wall material over the Young’s modulus of the particle material was kept constant at 8. This ensured that the relative 
contact stiffnesses of particle-wall to particle-particle contacts were the same in all simulations. Results for this 
sensitivity study are shown in Figure 2. Error bars in this figure and following figures represent standard deviations, 
calculated from values for τ over time after the steady state of flow was achieved.  
Figure 2 illustrates that with increasing values for the Young’s modulus over orders of magnitude, the tangential 
shear stress at the steady state of flow increases as well. In addition, the standard deviation in the values for 
tangential shear stress (τ) increased significantly too, as fluctuations in τ over time occurred with larger amplitudes. 
This effect may be explained by the fact that, in the Hertz-Mindlin model, the Young’s modulus contributes stronger 
to the spring stiffness than to damping [10,11]. This means that higher Young’s moduli induce larger resultant 
forces on the particles, causing higher kinetic energy of the particulate system. More movement of the particles 
would then induce a higher shear stress in turn. For smaller variations of the values of the Young’s modulus from 
10·106 to 25·106 Pa, no significant differences in the shear stress response were observed regarding the standard 
deviation. However, it cannot be completely excluded that also in this range, an increase of the Young’s modulus 
led to an increase in tangential shear stress. 
3.3. Influence of the Poisson’s ratio 
The value for the Poisson’s ratio (ν) was chosen the same as by Remy et al. and Zhou et al. [2, 6]. Results for 
varying the Poisson’s ratio are displayed in Figure 3. Variations in the range of 0.125 to 0.375 showed no significant 
influence on the tangential shear stress. 
3.4. Influence of the coefficient of restitution 
The coefficients of restitution (CoR) was varied in a range from 0.15 to 0.45. 
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Fig. 3. Influence of Poisson’s ratio (left) and coefficient of restitution (right) on tangential shear stress at steady state flow. 
 
As can be seen from the results for this sensitivity study, shown in Figure 3, neither the coefficient of restitution 
between particles nor that for particle-wall interactions was found to significantly influence the tangential shear 
stress at steady state of flow. 
3.5. Influence of the static friction coefficient 
Static friction (μs) was expected the most influential parameter on the tangential shear stress in a shear 
experiment, as effectively, this experiment is used to determine friction parameters experimentally [3]. Therefore, 
the sensitivity study for friction parameters was done more extensively than for other parameters. Static friction 
coefficients for both particle-particle and particle-wall interactions were varied between 0.1 and 0.9. Results are 
displayed in Figure 4 (left). 
A clear trend was observed for the particle-particle static friction coefficient’s influence on the tangential shear 
stress at the steady state of flow. A strong influence of this friction coefficient was found at values until 
approximately 0.7. At μs,p-p > 0.7 the influence on the tangential shear stress was found less significantly and then 
negligible. The tangential shear stress seemed to reach an upper limit at high static friction coefficient. Data-fitting 
showed an exponential relation with an R2 of 0.9666 for this range of data points. A trend towards a probable 
asymptotic behavior for the value of the tangential shear stress could be seen. Similar trends in direct shear test 
results were obtained by Strege et al. and by Härtl et al. for spherical particles [19, 20]. 
Taking the standard deviations into account, no significant effect of the particle-wall friction coefficient could be 
determined for μs, p-w > 0.25. However, for μs, p-w < 0.25, a decrease of particle-wall friction coefficient led to a 
decrease in tangential shear stress. 
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Fig. 4. Influence of static (left) and rolling (right) friction coefficients on tangential shear stress at steady state of flow. 
3.6. Influence of the rolling friction coefficient 
Rolling friction (μr) was varied for particle-particle and particle-wall contacts between 0.01 and 0.3. An increase 
in the tangential shear stress at steady state of flow was found with increasing μr,p-p. A linear data-fit of the data, as a 
first approach, showed an R2 of 0.9639. These results seem to confirm the statement by Iwashita and Oda that 
rolling friction is of significant importance for correctly modelling shear bands with DEM [16]. 
Varying the particle-wall rolling friction coefficient in the same range was observed to have no significant 
influence on the tangential shear stress at steady state flow. 
4. Concluding remarks and outlook 
Numerical ring shear tester experiments were simulated using the Discrete Element Method (DEM) with the 
purpose of using the experiment later as a calibration experiment for material input parameters for the DEM method. 
Simulation of a pre-shear event was achieved with an accuracy of 1.8% for different random initial particle packings. 
The following sensitivity analysis of the influence of different material input parameters showed an influence of 
the particles’ Young’s modulus (E) on the tangential shear stress (τ) at steady state of flow when varying over 
several orders of magnitude. An increase of the tangential shear stress at steady state of flow towards a maximum 
value has been observed by increasing particle-particle static friction. An increase in τ at steady state of flow due to 
increasing particle-particle rolling friction within the ranges tested in this study has been observed. The increases of 
tangential shear stress could for the tested range of friction coefficients be fitted with an exponential dependence on 
static friction and a linear dependence on rolling friction. In further studies this dependence of τ on the friction 
coefficients in the shear tester will be further researched. The study showed no significant influences of the 
Poisson’s ratio, the coefficient of restitution and the particle-wall friction coefficients, except for μs,p-w < 0.25. The 
shear stress results being dependent on more than one parameter, the ring shear tester can in this mode not be a 
stand-alone calibration experiment for calibrating material parameters. 
In the near future, the influence of μs,p-w should be further studied at low values for μs,p-w. As the influence of the 
Young’s modulus on the shear stress results is significant, this modulus should be determined in another experiment 
or simply set, e.g. to save calculation time, as it is often done in literature [2, 6, 15], before using shear testers as 
calibration experiments. 
A factor not regarded in this work, is the influence of particle size on the shear results. In the near future the 
effect of scaling particle size as well as geometry size will be investigated. 
As the shear results were found dependent on both static and rolling friction, another experiment is required to 
determine both static and rolling friction coefficients in an iterative way. A method, including two calibration 
experiments, is to be developed for properly calibrating static and rolling friction, ideally in an automated way [21].  
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